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1. INTRODUCTION 
The purpose of this paper is to establish a decomposition of the fundamental 
solution of a second order parabolic equation of the form 
where x E Rn (Euclidean n-dimensional space), t E (0, CO), f: Rn x (0, a~) -+ R, 
and L,,, is a second order elliptic operator on Rn of the form 
We assume that p + q = n, and so, if we consider Rn = Rp @ Rg, then for 
x E Rn we have a unique decomposition x = x” + xc with xP E RP and 
xq E R’. Lsst is a second order elliptic operator based in Rp and Lz,$ a second 
order elliptic operator based in B. Specifically, if we let P : R* -+ R” be the 
projection on Rp and Q : Rn + Rq be the projection on Rq, then we require 
that Lg,t be of the form 
L&f (x, t) = TrRnKPA9(x, 9 W?f(x, 011 
+ W’(x, 41 * [Of (4 91 + qx, t>f (x, q. (3) 
D denotes the Frechet derivative off with respect to x, and * denotes the dot 
product in Iin. We further require that for all (x, t) E Rn x (0, co), 
l.A AP(x, t) is a symmetric member of L(Rn, Rn), there exists a 
constant h > 0 (independent of x and t) such that Ap(x, t) > U (here I is 
the identity in L(Rn, Rn)), and A”(x, t) = AP(xP, t); 
* This work sponsored in part by N.S.F. contract G.P. 19651. 
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l.B P(x, t) E Rn and B”(x, t) = B’(x”, t); 
l.C 0(x, t) E R and 0(x, t) = c”(xP, t). 
We impose analogous requirements onL!& (simply replace p and P by 4 and 
Q in the requirements for LE.,). 
For i = p or 4, Li,, determines (by restriction) an elliptic operator SkSt in 
Ri. For example, whenf : Rp x (0, co) + R, we have 
+ [PBp(x, t)l - [Df(x, t)l + @(x, t>f(x, t), 
whenever the right side exists. Here we note that PAP(x, t)P : RP --f RP 
and so may be regarded as a member ofL(Rp, Rp), and similarly PBp(x, t) E Rp. 
D now refers to the FrCchet derivative off with respect to x, where x varies 
over RD. Thus D”f(x, t) E L(R”, RP) and Df(x, t) E RP. Letting Zi(x, t; y, S) 
denote the fundamental solution of a/atf(x, t) = S&f(x, t), and Z(x, t; y, S) 
that of a/atf(x, t) = L,,,f(x, t), we will show that 
Z(x, t; y, s) = zqxp, t; yp, s)ZQ(x', t; yg, s) 
subject to the usual regularity hypotheses on the coefficients of L,,, . 
EXAMPLE. If L,,,f(x, t) = Tr,,[AD2f(x, t)], where A is a positive 
definite operator on Rn, then the fundamental solution of a/atf(x, t) = 
L,,,f(x, t) is given by 
Z(% t; Y, 4 = [;;tfj;f,2 exp[-(A-l(x - y), x - y)/4(t - s)]. 
If RP and R@ are orthogonal reducing subspaces for A, such that p + q = n, 
then letting Ai denote the restriction of A to Ri (i = p, q) we observe that 
Z = ZpZq, where 
Ldet Ai]-i ZYXS t; Ys s) = [4+ _ s)]i,2 exp[-([Ai]-l (xi - yi), xi - yi)/4(t _ s)]e 
The fundamental solution of a/atf = L,,,f is often written in the form 
Z(x, t; y, 4 = W(x, t; Y, 4 + j; j,, W(x, t; z, y)F(z, Y;Y, 4 dz dy, 
where both W and F are real-valued functions defined on (0 < s < t < CO, 
x E Rn, y E R”). W is referred to as the parametrix and F as the perturbing 
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kernel (see, e.g. Refs. [l, 2, and 51). Wand F are by no means unique-the W 
and F of Ref. [l] are different from those of Ref. [5]. Usually W is similar to 
the fundamental solution of the differential equation under consideration 
where the second-order coefficients are fixed at a particular point in 
Rn x (0, co) and the first and zero order terms are set equal to zero. In a 
situation such as we are considering, where the coefficients are direct-sum 
decomposable, it is obvious from the explicit form usually given for W (very 
similar to the 2 of the above example) that W is decomposable as a product. 
It is not obvious whether a similar decomposition is valid for the perturbing 
term. 
Our interest in obtaining a product decomposition is for the purpose of 
developing approximation techniques for the study of second-order parabolic 
equations on an infinite-dimensional real separable Hilbert space (considered 
as one logical generalization of Rn), It is then hoped that, by studying certain 
properties of such equations on suitable (e.g. Riemannian-Wiener) infinite- 
dimensional manifolds, it will eventually be possible to obtain Hodge’s 
theorem for such manifolds. 
The type of approximation technique which we have in mind is as follows. 
Let H be a real separable Hilbert space with inner product ( , ). We consider 
a second order parabolic equation of the form a/&f(x, t) = L,,,f(x, t), where 
L.,f(x, 4 = Tr&b, ~)W(X, 91 + (&x, Q, Wx, t)) + W, W(x, 9. It 
is easy to formulate appropriate ellipticity hypotheses on L,,, . At the present 
time the existence of a fundamental solution for this equation has been 
established only for very special cases (* in particular, the coefficients are 
temporally homogeneous, B and C are zero, and A(x) - I is of the trace 
class). Most finite-dimensional techniques for studying properties of the 
fundamental solution, and thereby establishing regularity properties for the 
solutions of the differential equation, will not extend to the infinite- 
dimensional case. In particular, finite-dimensional techniques for establishing 
nonnegativity and the semigroup property of the fundamental solution are 
inappropriate. One would, therefore, like to argue for the validity of these 
properties from their finite-dimensional validity. In Ref. [4], this is 
accomplished for the case (*) mentioned above in the presence of several 
smoothness hypotheses on the coefficients. Basically, L,,t is approximated by 
a differential operator LEt acting in a finite-dimensional subspace K of H 
plus the Laplacian dK acting in K I. If P is the orthogonal projection of H 
onto K, Lz,f = TrK[PA(Px)PD2f]. Th e un f d amental solution of 2)/&f = 
[LE, @ F]Klf is represented as the product of the fundamental solutions of 
alat f = L$f and a/&f = AKf. A great deal is known about the properties 
of the fundamental solution of a/&f = AKf, and also if we replace AK by an 
elliptic operator with constant coefficients. Letting P --+ I (the identity 
operator on H) in an appropriate fashion, it can be shown that the fundamental 
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solution of a/&f = [J!& @ drf converges to that of a/i&f = L,,,f in total 
variation norm (in infinite dimensions we must consider fundamental 
solutions as measures on H rather than, as is the case in finite dimensions, 
the Radon-Nikodym derivatives of such measures with respect to Lebesgue 
measure). It is then immediate from the product decomposition of the 
fundamental solution of the “semifinite” approximation that the non- 
negativity and semigroup properties of the individual components of the 
approximating fundamental solution imply the validity of those properties for 
the fundamental solution of a/&f= L,,,f. 
It is believed that the introduction of first and zero order terms and of 
time-dependence is a straightforward generalization of the present existence 
proof for the fundamental solution of a/&f = L,,,f (the major anticipated 
difficulty is notational complication). It was not readily apparant that the 
approximation technique of Ref. [4] would generalize to such cases; the 
existence of a product decomposition for the approximating fundamental 
solutions being basic to the technique. This paper demonstrates that the 
product decomposition is not peculiar to the special case considered in Ref. [4] 
and indicates the feasibility of “semifinite” approximation techniques in 
studying considerably more general infinite-dimensional parabolic equations. 
2. A UNIQUENESS THEOREM 
The fundamental solution of a parabolic equation is usually obtained as the 
sum of an infinite series of functions (see, e.g., [l, 2, and 51) and, when it is 
so formulated, the property which we desire is not at all evident except in the 
special case where one of the decomposed portions has constant coefficients. 
Instead, then, of studying the form of the fundamental solution, we will 
appeal to a uniqueness theorem of Il’in, Kalashnikov and Oleinik [3] to 
establish our decomposition. The required theorem is as follows: 
THEOREM. Consider the diJ%rential equation 
‘J&&4(x, t) Wb, 01 + B(x, t) - of (x, t) 
+ C(% 4 f(x, t) - if (x, t) = 0, (4) 
where (x, t) waries ower H = {(x, t) : x E Rn, 0 < t < T}, A(x, t) is a symmetric 
member of L(Rn, Rn), B(x, t) E Rn and C(x, t) E A. If 
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2.A there exists a constant y > 0 such that A(x, t) > yIfor all (x, t) E i7 
(E the closure of H), 
2.B A(x, t), B(x, t) and C(x, t) are bounded and continuous on P, 
2.C for each 0 < t < T, A(x, t), B(x, t) and C(x, t) satisfy a Holder 
condition with respect to x on Rn, 
2.D ,for each x E R”, A(x, t) satisfies a Holder condition with respect o t 
on 0 < t < T, 
then there exists a unique real-valuedfunction 2(x, t; y, s) possessing the following 
properties: 
3.A Z, aZ/at and a2Z/axi ax, (i, j = 1,2,..., n) are continuous in 
(0 < s < t < T, x E R”, y E Rn}, 
3.B -for each s andy, Z satisjies Eq. (4) with respect o the variables x and t, 
3.C for each E > 0, Z is bounded on the set {t - s + 1 x - y 1 > E}, 
3.D for any continuous bounded function f on Rn and for each s E [0, T), 
we have 
%E s +> c Y, 4f (y) dr = f (4, 
R” 
the convergence being uniform on compact subsets of R”. 
Under conditions 2.A-2.D, Z also satisfies 
4.A Z(x, t; y, s) is everywhere positive for 0 < s < t < T, and 
4.B there exist positive constants C and c such that Z(x, t; y, s) < 
C(t - s)-%/~ exp[- 1 x - y 12/[c(t - s)]] for all 0 < s < t < T, x and y E Rn. 
3. THE DECOMPOSITION THEOREM 
THEOREM. Let the differential operator Laet be of the form in Eq. (2), with 
L,“,, and Lz,t satisfying Eq. (3) and conditions l.A-1.C. Setting 
A(x, t) GZ PAg(x, t)P + QA*(x, t)Q, 
B(x, t) = PB”(x, t) + QB*(x, t), 
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C(x, t) = cqx, t) + C4(x, t), 
assume that A, B and C satisfy 2.A-2.D. If Sk,, is the restriction of Lk,, to Ri 
(i = p, q), and if Zi(x, t; y, s) denotes the fundamental solution of a/&f (x, t) = 
SiJ (x, t) in Ri, then th e un f d amental solution Z(x, t; y, s) of Ep. (1) satisjes 
Z(x, t; y, s) = zqxp, t; y”, qyx*, CYP, 4. (5) 
Proof. We need only check that ZpZq satisfies the properties 3.A-3.D in 
each finite t-interval (0, T]. U m ‘q ueness will then imply that Eq. (5) is satisfied 
for all t E (0, co). 
The verification of property 3.A is immediate. Property 3.C follows 
trivially from the observation that 
c (t - s >/ E/2} u {I x* - yp I2 + / x” - yq I2 3 G/4} 
c {t - s 2 E/2} u {I xv - y* I2 3 r2/8} u {I xq - yQ I2 > c2/8} 
={t-s>r/2}u{/x*-y*/ zE/21/Z}u(IXq-yqI >E/2d!} 
c {t - s + I x* - y” 1 >, e/2 d2} u {t - s + I xq - yq I 3 E/2 42) 
and the fact that Z* and Zq each satisfy property 3.C. 
To show property 3.B, write x E Rn as (x1 ,..., xn) where a+’ = (x1 ,..., xz,, 
0 ,..., 0) and x4 = (0 ,..., 0, x~+~ ,..., x,). Let W(x, t; y, S) be defined by the 
right side of Eq. (5). DW(x, t; y, s) may be represented by an n x 1 matrix 
relative to the standard basis for Rn and D2W(x, t; y, s) as an n x n matrix. 
We have 
( 
azp azp 
- = ax, ax, ,.-., __ , 0 ,...> qxp, t; y”, s) ZQ(xQ, c YPf 4 
+ ZP(xP, GYP, s) (0 ,...9 E ,***, g)/(x*, t; yq s) 
D,i-l 
and 
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[PA’@, t) P][DaW(x, t; y, s)] = [:;I; j[ D2W ], 
= . . . . . . . . . . . . zq, 
where all terms are to be evaluated at (x, t; y, s). D2Zp and [PApP][D2Zp] 
are considered asp x p matrices. Similarly, 
[QAQ, t) Q][D2W(x, t; y, s)] = Z’” 
Thus 
~2.3’ = {Tr,,[f’APPJ[D2Z~] + [PEP] . [DZq + cpzq zq, 
= (S$Z") zq 
and, similarly, 
It now follows that 
LjF,,W = ZD(s&ZV). 
L,,,W - gy = @,zp - ; zp) za + Z” p;,,za - f ZQ), 
= 0. 
To obtain property 3.D we will proceed by cases. 
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Case 1. For each y E Rn, j(y) = j,(y”)jQ(y*), where ji is bounded and 
continuous on Ri (i = p, Q). Then 
If S is a compact subset of Rn, then S is contained in a set of the form S, x S, , 
where Si is a compact subset of Rf. Since 
lid .P(xi, t; yi, s) ji(yi) dyi = j&x”) R” 
uniformly on Si (Zi satisfies property 3.D) it follows that the convergence 
of the left side of Eq. (6) is uniform on S. 
Case 2. j is continuous on Rn and vanishes outside a compact set S of the 
form S, x S, , with Si a closed bounded ball in Ri. On S we can apply the 
Stone-Weierstrass theorem to approximate j uniformly by functions jk 
(k = 1, 2,...) -h h w ic are finite linear combinations of functions of the form 
treated in case 1, i.e., j”(y) = C~ij~j(y”)j$j(yq). We may extend j5.j from 
Si to all of R” in a continuous bounded fashion as follows. If Si has center ai 
and radius ri , and if y E R”/S, , then define 
We now have 
1 j,. Wx, CY, s)~(Y)~Y -ftdl 
< 1 j, Wx, t; y, W(Y) -f”(r)) 4 1 
+ / s,. Wx, t;y, s>f”(r> dr -f”Wl + If”(x) -f(x>l 
= (i) + (ii) + (iii), say. 
Given E > 0, we may choose k, so that (iii) < E for k = k, and for all x E S. 
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For k = K, , there exists a 6 > 0 such that t - s < 6 implies (ii) < E, for 
all x E 5’ (by Case 1). In order to estimate (i), we note that /If---f k llco = 
suPyeS If(Y) - f WI, since f(y) vanishes outside S and for y outside 
S f”(y) has the same value as f k evaluated at that boundary point of S which 
is closest toy. Thus, for k = k, , 
(;> d E s, W(x, t; Y, s) dy. 
Each Zi satisfies condition 4.B, and without loss of generality we may assume 
that the constants C and c are the same for both 2” and 24. An elementary 
calculation then gives 
/ W(x, t; y, s) dy < C(~TC)“/~  [m(t - s)]-“1” exp[- ( x - y 12/[c(t - s)]] dy 
R" R" 
Noting that this calculation is independent of x, t and s, it follows that W 
satisfies property 3.D. 
Case 3. f is continuous and bounded on Rn. To show that property 3.D 
holds uniformly for x in a compact set S, we may without loss of generality 
assume that S is of the form considered in Case 2. If Si has center ai and 
radius ri , let Vi be the closed ball in Ri which center ai and radius ri + 1, 
and Vi be the closed ball in R with center ai and radius yi + 2. Let gi be a 
continuous function defined on Ri satisfying 
k%(Y) = 1 for y E lJi 
0 G&(Y) < 1 for all y E Ri 
h%(Y) = 0 for y $ Vi . 
Set g(y) = g,(yp)g,(yq) and U = U, x U, . We can now write f = 
gf + (1 - g) f, Then, for x E S, 
1 j-, W(x, t;Y, s)~(Y) 4 -fM( G 1 I,, J+‘(x, t; Y, 4g(y)f(y) dr -&)f(x)l 
+ j l,“,, W(x, cy, W -&Nf(y) dr 1 
= (i) + (ii), say. 
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(i) + 0 as t J s, by Case 2, the convergence being uniform for x E S. Also 
If, for any Bore1 set B in R”, we define 
1-4) = IB (27W@ exp[- I y 12/2t] 4, 
then it is well-known that for each fixed 6 > 0, ~~(1 y I 3 6) = o(t) as 
t JO. Thus, for all x E S, we have 
1 
RnIlJ 
W(x, t; Y, s) 4 d C(~c)rsl~ j,,, >1 b4 - QF2 ed-- I Y 12A4 - 4114 
= o(t - s) as t J s, 
and it follows that W satisfies property 3.D. 
Thus W = Z, the fundamental solution of Eq. (1). 
Remark. Although the decompositions of A(x, t) into PAP(x, t)P + 
QAg(x, t)Q and B(x, t) into PB”(x, t) + QBQ(x, t) must be unique (for a 
given P), that of C(x, t) into CP(x, t) + @(x, t) is not unique. If, e.g., 
C(x, t) = C (a constant), then 0(x, t) and 0(x, t) could be any two constants 
which add up to C. 
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